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1. Introduction
In a recent paper, Kato, Saito and Tamura [2] characterize the uniform non-squareness of the ψ-direct sum of two Banach
spaces (see [2–4,6] for more information on ψ-direct sums). They ended the paper by asking the question of when the ψ-
direct sum of n Banach spaces is uniformly non-square. The goal of this short note is to simultaneously give a different
proof of Kato, Saito and Tamura’s result, generalize their result, and answer their question when n = 3. We will see that the
characterization we give for the n = 3 case suggests that a characterization in the general case will be diﬃcult, but we will
provide a characterization anyway for some types of direct sums.
2. Preliminaries and deﬁnitions
A norm ‖ · ‖ on Cn is said to be absolute if∥∥(z1, z2, . . . , zn)∥∥= ∥∥(|z1|, |z2|, . . . , |zn|)∥∥ for all (z1, z2, . . . , zn) ∈ Cn
and normalized if ‖(1,0, . . . ,0)‖ = ‖(0,1,0, . . . ,0)‖ = · · · = ‖(0,0, . . . ,0,1)‖ = 1. The collection of all absolute normalized
norms on Cn is denoted by ANn .
Following Saito, Kato and Takahashi [5] we deﬁne the subset n of Rn−1 by
n =
{
(s1, s2, . . . , sn−1): s1 + · · · + sn−1  1, si  0 for all 1 i  n − 1
}
.
For each norm ‖ · ‖ in ANn , we deﬁne a function ψ on n by
ψ(s1, s2, . . . , sn−1) =
∥∥∥∥∥
(
1−
n−1∑
i=1
si, s1, s2, . . . , sn−1
)∥∥∥∥∥ for each (s1, s2, . . . , sn−1) ∈ n.
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ψ(0,0, . . . ,0) = ψ(1,0,0, . . . ,0) = . . . = ψ(0,0, . . . ,0,1) = 1, (A0)
ψ(s1, s2, . . . , sn−1) (s1 + s2 + · · · + sn−1)ψ
(
s1
s1 + · · · + sn−1 , . . . ,
sn−1
s1 + · · · + sn−1
)
if s1 + · · · + sn−1 = 0, (A1)
ψ(s1, s2, . . . , sn−1) (1− s1)ψ
(
0,
s2
1− s1 , . . . ,
sn−1
1− s1
)
if s1 = 1, (A2)
...
...
ψ(s1, s2, . . . , sn−1) (1− sn−1)ψ
(
s1
1− sn−1 , . . . ,
sn−2
1− sn−1 ,0
)
if sn−1 = 1. (An)
On the other hand, if we denote by Ψn , the collection of all continuous convex functions on n that satisﬁes conditions
(A0), (A1), . . . , (An), then each element ψ ∈ Ψn deﬁnes a norm ‖ · ‖ψ on Cn belonging to ANn by
∥∥(z1, . . . , zn)∥∥ψ =
{
(|z1| + · · · + |zn|)ψ( |z2||z1|+···+|zn| , . . . ,
|zn|
|z1|+···+|zn| ) if (z1, . . . , zn) = (0, . . . ,0),
0 if (z1, . . . , zn) = (0, . . . ,0).
For Banach spaces X1, X2, . . . , Xn and ψ ∈ Ψn , the ψ-direct sum, (X1 ⊕ · · · ⊕ Xn)ψ , is the direct sum of X1, X2, . . . , Xn
equipped with the norm∥∥(x1, x2, . . . , xn)∥∥ψ = ∥∥(‖x1‖X1 ,‖x2‖X2 , . . . ,‖xn‖XN )‖ψ with xi ∈ Xi for 1 i  n
(Kato, Saito and Tamura [3]).
A ψ-direct sum can also be viewed as part of a more general notion of a Z -direct sum. In this setting, we let Z be a
ﬁnite dimensional normed space (Rn,‖ · ‖Z ), which has a monotone norm; that is,∥∥(a1, . . . ,an)∥∥Z  ∥∥(b1, . . . ,bn)∥∥Z
if 0 ai  bi for each i = 1, . . . ,n. We write (X1 ⊕· · ·⊕ Xn)Z for the Z -direct sum of the Banach spaces X1, . . . , Xn equipped
with the norm∥∥(x1, . . . , xn)∥∥= ∥∥(‖x1‖X1 , . . . ,‖xn‖Xn)∥∥Z ,
where xi ∈ Xi for each i = 1, . . . ,n.
Note that in deﬁning (X1 ⊕ · · ·⊕ Xn)Z , we only needed to know the behavior of the Z -norm on Rn+ . As a result, we may
assume that the Z -norm is absolute; that is,∥∥(a1, . . . ,an)∥∥Z = ∥∥(|a1|, . . . , |an|)‖Z for all (a1, . . . ,an) ∈ Rn.
Clearly, a ψ-direct sum is a Z -direct sum, where Z is Rn equipped with the norm ‖ · ‖ψ . On the other hand, for a given
Z -direct sum (X1 ⊕ · · · ⊕ Xn)Z , there exists a function ψ ∈ Ψn such that the ψ-direct sum (X1 ⊕ · · · ⊕ Xn)ψ is isometrically
isomorphic to (X1 ⊕ · · · ⊕ Xn)Z .
The following fact can be proved easily but plays an important role in this paper.
Lemma 1. Suppose that X1, X2, . . . , Xn are Banach spaces. Then each element f in the dual (X1 ⊕ X2 ⊕ · · · ⊕ Xn)∗Z of the Z-direct
sum (X1 ⊕ X2 ⊕ · · · ⊕ Xn)Z is identiﬁed with the element (x∗1, x∗2, . . . , x∗n) in the Z∗-direct sum (X∗1 ⊕ X∗2 ⊕ · · · ⊕ X∗n )Z∗ such that
f (x1, x2, . . . , xn) = x∗1(x1) + x∗2(x2) + · · · + x∗n(xn)
for all (x1, x2, . . . , xn) ∈ (X1 ⊕ X2 ⊕ · · · ⊕ Xn)Z . Moreover,
‖ f ‖ = ∥∥(∥∥x∗1∥∥X∗1 ,
∥∥x∗2∥∥X∗2 , . . . ,
∥∥x∗n∥∥X∗n )∥∥Z∗ .
Recall that a Banach space X is said to be non-square if for any two norm one elements x, y in X it follows that
min
{∥∥∥∥ x+ y2
∥∥∥∥,
∥∥∥∥ x− y2
∥∥∥∥
}
< 1.
Remark 2. A Banach space X is non-square if and only if for any two norm one elements x, y in X it follows that
max
{‖x+ y‖,‖x− y‖}> 1.
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x, y in X it follows that
min
{∥∥∥∥ x+ y2
∥∥∥∥,
∥∥∥∥ x− y2
∥∥∥∥
}
 1− δ.
3. The results
For an element α = (α1, . . . ,αn) ∈ Z = (Rn,‖ · ‖Z ), let suppα = {i: αi = 0}. A ﬁnite dimensional normed space Z =
(Rn,‖ · ‖Z ) is said to have property Tn1 if for all α,α′ ∈ Z with
‖α‖Z = ‖α′‖Z = 1
2
‖α + α′‖Z = 1
it follows that suppα ∩ suppα′ = ∅. Dually, we say that Z has property Tn∞ if for all α,α′ ∈ Z with
‖α‖Z = ‖α′‖Z = ‖α + α′‖Z = 1
it follows that suppα ∩ suppα′ = ∅.
Theorem 3. Let X1, . . . , Xn be Banach spaces. If (X1 ⊕ · · · ⊕ Xn)Z is non-square, then each Xi is non-square and Z has properties T n1
and Tn∞ .
Proof. Since each Xi can be isometrically embedded into (X1 ⊕ · · · ⊕ Xn)Z , the non-squareness of Xi is inherited by that of
the direct sum. If Z fails to have property Tn1 , then there are α,α
′ ∈ Z with
‖α‖ = ‖α′‖ = 1
2
‖α + α′‖ = 1
but
suppα ∩ suppα′ = ∅.
Since the norm is absolute, it follows that
‖α − α′‖ = 2
and this implies that Z contains a square.
If Z fails to have property Tn∞ , then there are α,α′ ∈ Z with
‖α‖ = ‖α′‖ = ‖α + α′‖ = 1
but
suppα ∩ suppα′ = ∅.
Since the norm is absolute, it follows that
‖α − α′‖ = 1
and this again implies that Z contains a square. 
Before we proceed to our main result, we need the following lemma, the proof of which we omit.
Lemma 4. A Banach space X is non-square if and only if for all non-zero elements x, y ∈ X,
min
{‖x+ y‖,‖x− y‖}< ‖x‖ + ‖y‖.
Theorem 5. Let X1, X2, X3 be Banach spaces. Then (X1 ⊕ X2 ⊕ X3)Z is non-square if and only if each Xi is non-square and Z has
properties T 31 and T
3∞ .
Proof. We prove only suﬃciency. Suppose that (X1 ⊕ X2 ⊕ X3)Z is not non-square. Then there are two elements x =
(x1, x2, x3) and y = (y1, y2, y3) in the unit sphere of (X1 ⊕ X2 ⊕ X3)Z such that∥∥(x , x , x ) ± (y , y , y )∥∥= 2.1 2 3 1 2 3
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( f1, f2, f3)(x1 + y1, x2 + y2, x3 + y3) = 2, (1)
(g1, g2, g3)(x1 − y1, x2 − y2, x3 − y3) = 2. (2)
Then
2 = f1(x1 + y1) + f2(x2 + y2) + f3(x3 + y3)

∣∣ f1(x1 + y1)∣∣+ ∣∣ f2(x2 + y2)∣∣+ ∣∣ f3(x3 + y3)∣∣
 ‖ f1‖‖x1 + y1‖ + ‖ f2‖‖x2 + y2‖ + ‖ f3‖‖x3 + y3‖
 ‖ f1‖
(‖x1‖ + ‖y1‖)+ ‖ f2‖(‖x2‖ + ‖y2‖)+ ‖ f3‖(‖x3‖ + ‖y3‖)

∥∥(‖ f1‖,‖ f2‖,‖ f3‖)∥∥Z∗∥∥(‖x1‖ + ‖y1‖,‖x2‖ + ‖y2‖,‖x3‖ + ‖y3‖)∥∥Z
= ∥∥(‖x1‖ + ‖y1‖,‖x2‖ + ‖y2‖,‖x3‖ + ‖y3‖)∥∥Z

∥∥(‖x1‖,‖x2‖,‖x3‖)∥∥Z + ∥∥(‖y1‖,‖y2‖,‖y3‖)∥∥Z
= 2.
In particular,
‖ f i‖‖xi + yi‖ = ‖ f i‖
(‖xi‖ + ‖yi‖)
for all i = 1,2,3. Similarly, we have
‖gi‖‖xi − yi‖ = ‖gi‖
(‖xi‖ + ‖yi‖)
for all i = 1,2,3. Let
A = supp(‖x1‖,‖x2‖,‖x3‖),
B = supp(‖y1‖,‖y2‖,‖y3‖),
C = supp(‖ f1‖,‖ f2‖,‖ f3‖),
D = supp(‖g1‖,‖g2‖,‖g3‖).
We ﬁrst observe that
A ∩ B ∩ C ∩ D = ∅. (3)
In fact, if i0 ∈ A ∩ B ∩ C ∩ D , then
‖xi0 ± yi0‖ = ‖xi0‖ + ‖yi0‖,
which contradicts the non-squareness of Xi0 (by Lemma 4). Furthermore, by (1) and (2), we have
‖xχA∩C‖ = ‖xχA∩D‖ = ‖yχB∩C‖ = ‖yχB∩D‖ = 1,
and
f (xχA∩C ) = f (x) = f (y) = f (yχB∩C ) = 1.
Property T 31 implies that
A ∩ B ∩ C = ∅ and A ∩ B ∩ D = ∅. (4)
Otherwise, if A ∩ B ∩ C = ∅, then (A ∩ C) ∩ (B ∩ C) = ∅. It follows from property T 31 that
2> ‖xχA∩C + yχB∩C‖ f (xχA∩C + yχB∩C ) = f (x) + f (y) = 2,
which is impossible. Similarly, we have A ∩ B ∩ D = ∅.
Moreover, we have
A ∩ C ∩ D = ∅ and B ∩ C ∩ D = ∅. (5)
Otherwise, if A ∩ C ∩ D = ∅, then it follows from property T 3∞ that
‖xχA∩C + xχA∩D‖ = 1.
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1 = ‖xχA∩C‖ ‖xχA∩C + xχA∩D‖ ‖x‖ = 1
or ‖xχA∩C + xχA∩D‖ = 1, this is a contradiction. Similarly, B ∩ C ∩ D = ∅.
Finally, we obtain a contradiction since the conditions (3), (4), and (5) cannot occur simultaneously. This completes the
proof. 
Remark 6. The contradiction we obtained in the proof above arises because we deal with only three Banach spaces. We do
not know the conclusion for ﬁnitely many Banach space. However the proof clearly works for the direct sum of two Banach
spaces and we get that (X ⊕ Y )Z is non-square if and only if X and Y are non-square and Z has properties T 21 and T 2∞ . For
ψ-direct sums this yields the following corollary.
Corollary 7. Let X, Y be Banach spaces. Then X ⊕ψ Y is non-square if and only if both X and Y are non-square and ψ = ψ1,ψ∞ .
Proof. The proof follows by observing that
T 21 fails ⇔
∥∥(1,0) + (0,1)∥∥
ψ
= 2 ⇔ ψ = ψ1,
T 2∞ fails ⇔
∥∥(1,0) + (0,1)∥∥
ψ
= 1 ⇔ ψ = ψ∞. 
It is easily seen that ﬁnite dimensional spaces which are non-square are uniformly non-square because their unit balls
are compact. Also, it is easy to see that uniformly non-squareness is a superproperty [1]. Consequently, if the ultrapower of
a Banach space X is non-square, then X is uniformly non-square. We now recall some facts about ultrapowers of Banach
spaces.
Let U be a free ultraﬁlter on N and let X be a Banach space. The ultrapower XU of X is the quotient space of
∞(X) =
{
(xn): xn ∈ X for all n ∈ N and
∥∥(xn)∥∥= sup
n
‖xn‖
}
by N = {(xn) ∈ ∞(X): limn→U ‖xn‖ = 0}, where limn→U ‖xn‖ denotes the limit of (‖xn‖) over the ultraﬁlter U .
Note that if Z is the ﬁnite dimensional normed space (Rn,‖ · ‖Z ), with a monotone norm and if X1, . . . , Xn are Banach
spaces, then it can be easily seen that for the Z -direct sum (X1 ⊕ · · · ⊕ Xn)Z we have(
(X1 ⊕ · · · ⊕ Xn)Z
)
U =
(
(X1)U ⊕ · · · ⊕ (Xn)U
)
Z .
Consequently we immediately obtain the following uniform versions of Theorem 5 and Corollary 7.
Corollary 8. Let X1, X2, X3 be Banach spaces.
(1) (X1 ⊕ X2 ⊕ X3)Z is uniformly non-square if and only if each Xi is uniformly non-square and Z has properties T 31 and T 3∞ .
(2) (X1 ⊕ X2)Z is uniformly non-square if and only if each Xi is uniformly non-square and Z has properties T 21 and T 2∞ .
(3) X1 ⊕ψ X2 is uniformly non-square if and only if both X1 and X2 are uniformly non-square and ψ = ψ1,ψ∞ .
Remark 9. Part (3) of Corollary 8 provides a new proof of the main result of [2].
4. Conditions T 31 and T
3∞ in terms of ψ
To apply Theorem 5 to ψ-direct sums we need to determine what conditions T 31 and T
3∞ mean in terms of the func-
tion ψ .
Proposition 10. The condition T 31 holds in (R ⊕ R ⊕ R)ψ if and only if the followings hold true:
(1) ψ( s1+ψ(s,t) ,
t
1+ψ(s,t) ) <
2ψ(s,t)
1+ψ(s,t) for all s + t = 1;
(2) ψ( ψ(0,t)1+ψ(0,t) ,
t
1+ψ(0,t) ) <
2ψ(0,t)
1+ψ(0,t) for all 0 t  1;
(3) ψ( s1+ψ(s,0) ,
ψ(s,0)
1+ψ(s,0) ) <
2ψ(s,0)
1+ψ(s,0) for all 0 s 1.
Proof. The condition T 31 fails if and only if one of the following holds true:
(1) ‖(1,0,0) + (0, s , t )‖ψ = 2 for some s + t = 1;ψ(s,t) ψ(s,t)
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ψ(0,t) ,0,
t
ψ(0,t) )‖ψ = 2 for some 0 t  1;
(3) ‖(0,0,1) + ( 1−s
ψ(s,0) ,
s
ψ(s,0) ,0)‖ψ = 2 for some 0 s 1.
Direct computation gives the assertion. 
Similarly, we obtain the dual version below:
Proposition 11. The condition T 3∞ holds in (R ⊕ R ⊕ R)ψ if and only if the followings hold true:
(1) ψ( s1+ψ(s,t) ,
t
1+ψ(s,t) ) >
ψ(s,t)
1+ψ(s,t) for all s + t = 1;
(2) ψ( ψ(0,t)1+ψ(0,t) ,
t
1+ψ(0,t) ) >
ψ(0,t)
1+ψ(0,t) for all 0 t  1;
(3) ψ( s1+ψ(s,0) ,
ψ(s,0)
1+ψ(s,0) ) >
ψ(s,0)
1+ψ(s,0) for all 0 s 1.
Remark 12. Based on the characterizations given in Propositions 10 and 11, it seems unlikely that a “clean” characterization
of (uniform) non-squareness of the direct sum of four or more Banach spaces can be obtained. In the next section we will
provide such a characterization but with a restriction on the type of direct sums.
5. Results for n 4
In this section, we extend our main result to the case n 4. Recall that Z = (Rn,‖ · ‖Z ) is said to be strictly monotone if∥∥(a1, . . . ,an)∥∥Z < ∥∥(b1, . . . ,bn)∥∥Z
whenever 0 ai  bi for each i = 1, . . . ,n and 0 ai0 < bi0 for some 1 i0  n.
Theorem 13. Let X1, X2, . . . , Xn be Banach spaces. Suppose that either Z or Z∗ is strictly monotone. Then (X1 ⊕ X2 ⊕ · · · ⊕ Xn)Z is
non-square if and only if each Xi is non-square and Z satisﬁes properties T n1 and T
n∞ .
Proof. We prove only suﬃciency. If (X1 ⊕ X2 ⊕· · ·⊕ Xn)Z is not non-square, then there are two elements x = (x1, x2, . . . , xn)
and y = (y1, y2, . . . , yn) in the unit sphere of (X1 ⊕ X2 ⊕ · · · ⊕ Xn)Z such that∥∥(x1, x2, . . . , xn) ± (y1, y2, . . . , yn)∥∥= 2.
Let f = ( f1, f2, . . . , fn) and g = (g1, g2, . . . , gn) be norm one elements of (X∗1 ⊕ X∗2 ⊕ · · · ⊕ X∗n )Z∗ such that
( f1, f2, . . . , fn)(x1 + y1, x2 + y2, . . . , xn + yn) = 2, (6)
(g1, g2, . . . , gn)(x1 − y1, x2 − y2, . . . , xn − yn) = 2. (7)
It follows from (6) and (7) that
‖ f i‖‖xi + yi‖ = ‖ f i‖
(‖xi‖ + ‖yi‖),
‖gi‖‖xi − yi‖ = ‖gi‖
(‖xi‖ + ‖yi‖)
for all i = 1,2, . . . ,n. Let
A = supp(‖x1‖,‖x2‖, . . . ,‖xn‖),
B = supp(‖y1‖,‖y2‖, . . . ,‖yn‖),
C = supp(‖ f1‖,‖ f2‖, . . . ,‖ fn‖),
D = supp(‖g1‖,‖g2‖, . . . ,‖gn‖).
As we have considered in the proof of Theorem 5, we have
A ∩ B ∩ C ∩ D = ∅,
A ∩ B ∩ C = ∅,
A ∩ B ∩ D = ∅,
A ∩ C ∩ D = ∅,
B ∩ C ∩ D = ∅.
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A ∩ C = A ∩ D = A,
B ∩ C = B ∩ D = B.
We now encounter a contradiction since
∅ = A ∩ B ∩ C ∩ D = A ∩ B = A ∩ B ∩ C = ∅.
For the case Z∗ is strictly monotone, we can prove analogously so the proof is omitted. 
Remark 14. The proof of Theorem 13 works also if we replace the restriction that Z or Z∗ is strictly monotone with the
following condition:
Each norm one element α of Z satisﬁes either of the following properties:
(AR) α is almost rotund, that is, for all norm one element β with ‖α + β‖Z = 2 it follows that suppα = suppβ;
(AS) α is almost smooth, that is, for all norm one functionals γ ,γ ′ with γ (α) = γ ′(α) = 1 it follows that suppγ =
suppγ ′ .
In fact, if (‖x1‖,‖x2‖, . . . ,‖xn‖) is almost rotund, then A = B . This is impossible since
∅ = A ∩ B ∩ C ∩ D = A ∩ C ∩ D = ∅.
On the other hand, if (‖x1‖,‖x2‖, . . . ,‖xn‖) is almost smooth, then C = D and this implies
∅ = A ∩ B ∩ C ∩ D = A ∩ B ∩ C = ∅,
which is a contradiction.
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